Calculation of K→ππ decay amplitudes with an improved Wilson fermion action in a nonzero momentum frame in lattice QCD by 吉江 友照 et al.
Calculation of K→ππ decay amplitudes with
an improved Wilson fermion action in a nonzero
momentum frame in lattice QCD
著者（英） N. Ishizuka, K.-I. Ishikawa, A. Ukawa,
Tomoteru YOSHIE
journal or
publication title
 Physical review D  
volume 98
number 11
page range 114512
year 2018-12
権利 Published by the American Physical Society
under the terms of the Creative Commons
Attribution 4.0 International license. Further
distribution of this work must maintain
attribution to the author(s) and the published
article’s title, journal citation, and DOI.
Funded by SCOAP3.
URL http://hdl.handle.net/2241/00154704
doi: 10.1103/PhysRevD.98.114512
Creative Commons : 表示
http://creativecommons.org/licenses/by/3.0/deed.ja
 Calculation of K → ππ decay amplitudes with an improved Wilson fermion
action in a nonzero momentum frame in lattice QCD
N. Ishizuka,1,2 K.-I. Ishikawa,3 A. Ukawa,4,5 and T. Yoshie´1,2
1Center for Computational Sciences, University of Tsukuba, Tsukuba, Ibaraki 305-8577, Japan
2Graduate School of Pure and Applied Sciences, University of Tsukuba, Tsukuba, Ibaraki 305-8571, Japan
3Graduate School of Science, Hiroshima University, Higashi-Hiroshima, Hiroshima 739-8526, Japan
4RIKEN Advanced Institute for Computational Science, Kobe, Hyogo 650-0047, Japan*
5Center for World Premier International Research Center Initiative (WPI),
Japan Society for the Promotion of Science, Tokyo 102-0083, Japan†
(Received 18 September 2018; published 20 December 2018)
We present our result for the K → ππ decay amplitudes for both the ΔI ¼ 1=2 and 3=2 processes with
the improved Wilson fermion action. In order to realize the physical kinematics, where the pions in the final
state have finite momenta, we consider the decay process KðpÞ → πðpÞ þ πð0Þ in the nonzero momentum
frame with momentum p ¼ ð0; 0; 2π=LÞ on the lattice. Our calculations are carried out with Nf ¼ 2þ 1
gauge configurations generated with the Iwasaki gauge action and nonperturbatively OðaÞ-improved
Wilson fermion action at a ¼ 0.091 fm (1=a ¼ 2.176 GeV), mπ ¼ 260 MeV, and mK ¼ 570 MeV on a
483 × 64 (La ¼ 4.4 fm) lattice. For these parameters the energy of the K meson is set at that of two-pion in
the final state. We obtain ReA2 ¼ 2.431ð19Þ × 10−8 GeV, ReA0 ¼ 51ð28Þ × 10−8 GeV, and ϵ0=ϵ ¼
1.9ð5.7Þ × 10−3 for a matching scale q ¼ 1=a where the errors are statistical. The dependence on the
matching scale q of these values is weak. The systematic error arising from the renormalization factors is
expected to be around 1.3% for ReA2 and 11% for ReA0. Prospects toward calculations with the physical
quark mass are discussed.
DOI: 10.1103/PhysRevD.98.114512
I. INTRODUCTION
Calculation of the K → ππ decay amplitudes is very
important to quantitatively understand theΔI ¼ 1=2 rule of
the K meson decay and to theoretically predict the direct
CP violation parameter (ϵ0=ϵ) from the standard model.
A direct lattice QCD calculation of the decay amplitudes
for the ΔI ¼ 3=2 process has been attempted for a long
time. The RBC-UKQCD Collaboration presented the
results at the physical quark mass in Ref. [1], and those
in the continuum limit in Ref. [2], which shows good
agreement with experiment.
A direct calculation of the decay amplitudes for theΔI ¼
1=2 process has been unsuccessful for a long time, due to
large statistical fluctuations coming from the disconnected
diagrams. A first direct calculation was reported by the
RBC-UKQCD Collaboration in Ref. [3] at the pion mass
mπ ¼ 422 MeV. They also presented a result at a smaller
quark mass (mπ ¼ 330 MeV) at Lattice 2011 [4]. They
used the domain wall fermion action in their calculations
which preserves the chiral symmetry on the lattice.
Expanding on the earlier works by Bernard et al. [5] and
by Donini et al. [6], we showed in Ref. [7] that mixings
with four-fermion operators with wrong chirality are absent
even for the Wilson fermion action for the parity odd
process in both the ΔI ¼ 3=2 and 1=2 channels due to CPS
symmetry. Therefore, after subtraction of an effect from
the lower dimensional operator, a direct calculation of the
decay amplitudes with the Wilson fermion action is
possible without complications from operators with wrong
chirality, as for the case with chirally symmetric lattice
actions. A potential advantage with the Wilson fermion
action over chirally symmetric lattice actions such as the
domain wall action is that the computational cost is
generally smaller. Hence, with the same amount of com-
putational resources, a statistical improvement may be
expected with the lattice calculation of the decay ampli-
tudes, albeit this point has to be verified by actual
calculations. We reported a first result with the Wilson
fermion action at the pion massmπ ¼ 280 MeV in Ref. [7].
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In both the RBC-UKQCD and our calculations of the
ΔI ¼ 1=2 process referred above, the kinematics was a K
meson at rest decaying to two zero momentum pions at
an unphysical quark mass satisfying mK ∼ 2mπ . The RBC-
UKQCD Collaboration reported a first direct calculation in
the physical kinematics, where the pions in the final state
have finite momenta, at the physical quark mass in Ref. [8].
They utilized the G-parity boundary condition in the
spacial directions, to extract the decay amplitude from
the K → ππ time correlation function for the ground state
of the two-pion in the physical kinematics.
In the present work, we consider the K meson decay in
the physical kinematics by the nonzero momentum frame
imposing the periodic boundary condition in the spacial
directions. We calculate the decay amplitudes for the decay
process KðpÞ→ πðpÞ þ πð0Þ with momentum p ¼
ð0; 0; 2π=LÞ on the lattice. We set the light quark mass
so that the energy of the initial K meson equals to that of
the final two-pion state. An advantage of using nonzero
momentum in the periodic boundary condition over the
G-parity boundary conditions is that gauge configurations,
generated previously with the normal boundary condition
for the other study and published on some databases, can
be used.
Our calculations have been carried out on the HA-PACS
and the COMA at University of Tsukuba, the K computer
at the RIKEN Advanced Institute for Computational
Science, and the Oakforest-PACS at the Joint Center for
Advanced High Performance Computing. This paper is
organized as follows. In Sec. II we describe the method
of calculation used in the present work. The simulation
parameters are also given. We present our results in Sec. III.
In Sec. IV conclusions of the present work are given and
prospects toward calculations with the physical quark mass
are discussed.
II. METHOD
A. ΔS= 1 weak operators
In this section the renormalization of the weak operators
for the Wilson fermion action is reviewed. The details have
been shown in Ref. [7]. The effective Hamiltonian of the
K → ππ decay can be written as [9]
H ¼ GFﬃﬃﬃ
2
p ðVusVudÞ
X10
i¼1
ðziðμÞ þ τyiðμÞÞQiðμÞ; ð1Þ
with τ ¼ −ðVtsVtdÞ=ðVusVudÞ, and ziðμÞ and yiðμÞ
(i ¼ 1; 2;…10) are the coefficient functions at renormal-
ization scale μ. Here we consider the case μ ≤ mc,
where three light quarks, up, down, and strange, are the
active quarks in the theory. The ten operators QiðμÞ
(i ¼ 1; 2;…10) denote the ΔS ¼ 1 four-fermion operators
renormalized at μ. TheK → ππ decay amplitude is obtained
by AI ¼ hKjHjππ; Ii for the two-pion state with the
isospin I.
The K → ππ matrix elements hKjQijππ; Ii calculated on
the lattice are converted to those in the continuum by the
renormalization factor for the operators Qi. In the Wilson
fermion action, the chiral symmetry is broken explicitly.
Hence mixings among different chiral multiplets are in
general allowed, and new operators arise through radiative
corrections. However, such a problem is absent for the
parity odd part of the operators of Qi due to the CPS
symmetry.
The mixing to lower dimensional operators is allowed.
From the CPS symmetry and the equation of motion of the
quark, there is only one operator with the dimension less
than 6, which is
QP ¼ ðmd −msÞ · s¯γ5d: ð2Þ
This operator also appears in the continuum, but does not
yield nonvanishing contributions to the physical decay
amplitudes, since it is a total derivative operator. However,
this is not valid for the Wilson fermion action due to chiral
symmetry breaking, and the operator (2) does give non-
zero unphysical contributions to the amplitudes. This
contribution should be subtracted nonperturbatively,
because the mixing coefficient includes a power diver-
gence due to the lattice cutoff growing as 1=a2. We can
subtract it as
Q¯i ¼ Qi − βiQP; ð3Þ
by imposing the following condition [10,11],
h0jQ¯ijKi ¼ h0jQi − βi ·QPjKi ¼ 0; ð4Þ
for each operator Qi. The matrix of the renormalization
factor of the subtracted operators Q¯i has the same structure
as in the case in which chiral symmetry is preserved.
B. Simulation parameters
Our calculations are carried out with Nf ¼ 2þ 1 gauge
configurations generated with the Iwasaki gauge action
and nonperturbatively OðaÞ-improved Wilson fermion
action on a 483 × 64 at β ¼ 1.9. The hopping parameters
are κud ¼ 0.137712 for the up and the down quark, and
κs ¼ 0.136400 for the strange quark. We use the same
algorithm for a generation of the gauge configurations, and
the same value of β and the improved factor CSW ¼ 1.7150
as in Ref. [12].
We measure hadron Green’s functions and the K meson
decay amplitudes at every 10 trajectories. The total length
of the run is 9800 trajectories and the total number of
gauge configurations employed for the measurement is 980.
We estimate statistical errors by the jackknife method with
bins of 20 configurations (200 trajectory). The parameters
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determined from the spectrum analysis are a ¼ 0.091 fm
(1=a ¼ 2.176 GeV) for lattice spacing, La ¼ 4.37 fm for
spatial lattice size, and
mπ ¼ 0.11794ð33Þ ð256.63ð72Þ MeVÞ;
mK ¼ 0.26275ð20Þ ð571.74ð43Þ MeVÞ; ð5Þ
for the pion and the K meson mass.
In the present work, we consider the K → ππ decay in
the physical kinematics, where the pions in the final state
have finite momenta. In order to realize this, we calculate
the decay amplitudes for the decay process KðpÞ →
πðpÞ þ πð0Þ in the nonzero momentum frame with
momentum p ¼ ð0; 0; 2π=LÞ on the lattice. We set the
light quark mass so that the energy difference between the
initial K meson and the final two-pion state vanishes. On
our gauge configurations the energy difference is ΔE≡
EK − EIππ ¼ −4.7ð1.4Þ MeV for I ¼ 2 and 9.8(7.8) MeV
for I ¼ 0 as shown in the following section. In the present
work, we assume that these mismatches of the energy give
only small effects to the decay amplitudes.
C. Time correlation function for K → ππ
We extract the matrix element hKjQ¯ijππ; Ii from the
time correlation function for the K → ππ process,
GIiðt; t1; t2Þ ¼
1
T
XT−1
δ¼0
h0jWK0ðtK þ δÞQ¯iðtþ δÞWIππ
× ðt1 þ δ; t2 þ δÞj0i; ð6Þ
where Q¯iðtÞ is the subtracted weak operator at the time slice
t defined by
Q¯iðtÞ ¼
X
x
Q¯iðx; tÞ; ð7Þ
with the subtracted operator Q¯iðx; tÞ at the space-time
position ðx; tÞ defined in (3).
The operator WK0ðtÞ in (6) is the wall source for the K0
meson with the momentum p ¼ ð0; 0;−pÞ (p ¼ 2π=L) at
the time slice t,
WK0ðtÞ ¼ −½W¯dð−p; tÞγ5Wsð0; tÞ
þ W¯dð0; tÞγ5Wsð−p; tÞ=2; ð8Þ
where the wall source for the quark q ¼ u, d, s with the
momentum k ¼ ð0; 0; kÞ is given by
Wqðk; tÞ ¼
X
x
qðx; tÞeix·k; ð9Þ
W¯qðk; tÞ ¼
X
x
q¯ðx; tÞeix·k: ð10Þ
We adopt K0 ¼ −d¯γ5s as the neutral K meson operator, so
our correlation function has an extra minus from the usual
convention.
The operator WIππðt1; t2Þ in (6) is the wall source for
the two-pion state with the isospin I with the momentum
p ¼ ð0; 0; pÞ (p ¼ 2π=L),
WIππðt1; t2Þ ¼ ½W˜Iππðk1; k2; t1; t2Þ þ ðt1 ↔ t2Þ þ ðk1 ↔ k2Þ
þ ðt1 ↔ t2; k1 ↔ k2Þ=4; ð11Þ
with k1 ¼ p ¼ 2π=L and k2 ¼ 0, where
W˜I¼2ππ ðk1; k2; t1; t2Þ ¼ ðWπ0ðk1; t1ÞWπ0ðk2; t2Þ
þWπþðk1; t1ÞWπ−ðk2; t2ÞÞ=
ﬃﬃﬃ
3
p
;
ð12Þ
W˜I¼0ππ ðk1; k2; t1; t2Þ ¼ ð−Wπ0ðk1; t1ÞWπ0ðk2; t2Þ=
ﬃﬃﬃ
2
p
þ
ﬃﬃﬃ
2
p
Wπþðk1; t1ÞWπ−ðk2; t2ÞÞ=
ﬃﬃﬃ
3
p
:
ð13Þ
The operatorWπiðk; tÞ is the wall source for πi meson with
the momentum k ¼ ð0; 0; kÞ at the time slice t,
Wπiðk; tÞ ¼ ½W˜πiðk1; k2; tÞ þ ðk1 ↔ k2Þ=2; ð14Þ
with k1 ¼ k and k2 ¼ 0, where
W˜πþðk1; k2; tÞ ¼ −W¯dðk1; tÞγ5Wuðk2; tÞ; ð15Þ
W˜π0ðk1; k2; tÞ ¼ ðW¯uðk1; tÞγ5Wuðk2; tÞ
− W¯dðk1; tÞγ5Wdðk2; tÞÞ=
ﬃﬃﬃ
2
p
; ð16Þ
W˜π−ðk1; k2; tÞ ¼ W¯uðk1; tÞγ5Wdðk2; tÞ: ð17Þ
The periodic boundary condition is imposed in all
directions. The summation over δ, where T ¼ 64 denotes
the temporal size of the lattice, is taken in (6) to improve the
statistics. The time slice of the K meson is set at tK ¼ 29.
The wall source of each pion is separated by four lattice
unit according to t1 ¼ 0 and t2 ¼ 4 in (6) to improve the
statistics following the suggestion by Ref. [8]. The gauge
configurations are fixed to the Coulomb gauge at the time
slice of the wall source tK þ δ, t1 þ δ and t2 þ δ for each δ.
The mixing coefficient of the lower dimensional oper-
ator, βi in (3), is obtained from the following ratio of the
time correlation function K → 0,
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βi ¼
XT−1
δ1¼0
h0jW0
K0
ðtK þ δ1ÞQiðtþ δ1Þj0i
.XT−1
δ2¼0
h0jW0
K0
ðtK þ δ2ÞQPðtþ δ2Þj0i; ð18Þ
in the large tK − t region, where W0K0ðtÞ is the wall source
for the K0 meson with the zero momentum given from (8)
by setting p ¼ 0, and QiðtÞ ¼
P
xQiðx; tÞ and QPðtÞ ¼P
xQPðx; tÞ, with the operator Qiðx; tÞ and QPðx; tÞ
defined in (2) at the space-time position ðx; tÞ.
The quark contractions of the K → ππ time correlation
function GIiðt; t1; t2Þ in (6) are given by (57), (58) and (59)
in Ref. [7]. A subtraction of the contributions of the vacuum
diagram, h0jWK0ðtK þ δÞQ¯iðt þ δÞj0ih0jWIππðt1 þ δ; t2 þ
δÞj0i, is not necessary in the present case of the nonzero
momentum frame. Those of the K → 0 time correlation
function in (18) are given by (60), (61), and (62) in Ref. [7].
The quark loop at the weak operator, the quark propa-
gator starting from the position of the weak operator and
ending at the same position, appears in the quark contrac-
tions for the K → ππ and the K → 0 processes. We
calculate them by the same method as the previous work
in Ref. [7], where the stochastic methods with the hopping
parameter expansion technique (HPE) and the truncated
solver method (TSM) proposed in Ref. [13] are used. As
found in the previous work, we find that the first term of
TSM in (77) in Ref. [7] is negligible for all time correlation
functions also in the present work, when the stopping
condition is set at R < 1.2 × 10−6. Thus we adopt NR ¼ 0
andNT ¼ 10with this stopping condition in the calculation
of the quark loop.
D. Time correlation function for ππ → ππ
We calculate two types of time correlation functions for
the ππ → ππ process to obtain the normalization factors
which are needed to extract thematrix elements hKjQ¯ijππ; Ii
from the time correlation function GIiðt; t1; t2Þ in (6). These
are point-wall and wall-wall time correlation functions,
which are defined by
GIPWðt; t1; t2Þ¼
1
T
XT−1
δ¼0
h0jðππÞIðtþδÞWIππðt1þδ; t2þδÞj0i;
ð19Þ
GIWWðt; t1; t2Þ ¼
1
T
XT−1
δ¼0
h0jWIππðtþ δ; tþ ½t2 − t1 þ δÞWIππ
× ðt1 þ δ; t2 þ δÞj0i; ð20Þ
The operator ðππÞIðtÞ is the operator for the two-pion
with the isospin I with the momentum p ¼ ð0; 0;−pÞ
(p ¼ 2π=L),
ðππÞIðtÞ ¼
h
ðππÞIðk1; k2; tÞ þ ðk1 ↔ k2Þ
i
=2; ð21Þ
with k1 ¼ −p and k2 ¼ 0, where
ðππÞI¼2ðk1; k2; tÞ ¼ ðπ0ðk1; tÞπ0ðk2; tÞ þ πþðk1; tÞπ−
× ðk2; tÞÞ=
ﬃﬃﬃ
3
p
; ð22Þ
ðππÞI¼0ðk1; k2; tÞ ¼ ð−π0ðk1; tÞπ0ðk2; tÞ=
ﬃﬃﬃ
2
p
þ
ﬃﬃﬃ
2
p
πþðk1; tÞπ−ðk2; tÞÞ=
ﬃﬃﬃ
3
p
: ð23Þ
The operator πiðk; tÞ is the operator for πi meson with the
momentum k ¼ ð0; 0; kÞ, defined by
πþðk; tÞ ¼ −
X
x
d¯ðx; tÞγ5uðx; tÞ · eix·k; ð24Þ
π0ðk;tÞ¼
X
x
ðu¯ðx; tÞγ5uðx; tÞ− d¯ðx; tÞγ5dðx; tÞÞ=
ﬃﬃﬃ
2
p
· eix·k;
ð25Þ
π−ðk; tÞ ¼
X
x
u¯ðx; tÞγ5dðx; tÞ · eix·k: ð26Þ
The operator WIππðt1; t2Þ (I ¼ 0, 2) is defined by (12)
and (13). In the present work, we fix t1 ¼ 0 and t2 ¼ 4 in
(19) and (20) as in the K → ππ process.
The quark contractions for the ππ → ππ time correlation
function are given by (89) and (90) in Ref. [7]. Subtractions
of the contributions of the vacuum diagrams, h0jðππÞI
ðtþ δÞj0ih0jWIππðt1 þ δ; t2 þ δÞj0i and h0jWIππðtþ δ; tþ
½t2 − t1 þ δÞj0ih0jWIππðt1 þ δ; t2 þ δÞj0i, are not neces-
sary in the present case of the nonzero momentum frame.
III. RESULTS
A. Energy of two-pion state
The time correlation functions for the ππ → ππ process
GIPWðt; t1; t2Þ in (19) and GIWWðt; t1; t2Þ in (20) behave in
the large time region as
GIPWðt; t1; t2Þ ¼ AI · fðt; tπ; EIππÞ þ CI · fðt; tπ; SπÞ; ð27Þ
GIWWðt; t1; t2Þ ¼ AIππ · fðt; tπ; EIππÞ þDI · fðt; tπ; SπÞ;
ð28Þ
with tπ ¼ ðt1 þ t2Þ=2, where
fðt; tπ; mÞ ¼ e−m·jt−tπ j þ e−m·ðT−jt−tπ jÞ; ð29Þ
EIππ is the energy of the two-pion state with the isospin I,
Sπ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2π þ p2
p
−mπ , AI is a constant whose form is
irrelevant, and
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AIππ ¼ h0jWIππðΔ;−ΔÞjππ; Ii2=hππ; Ijππ; Ii; ð30Þ
with Δ ¼ ðt2 − t1Þ=2. The terms with the constant CI and
the DI in (27) and (28) arise from the process in which
either of the two pions propagates in the opposite time
direction to the other pion (i.e., around-the-world effect for
the two-pion operator).
The effective energy of the point-wall time correlation
function GIPWðtÞ is plotted in Fig. 1, where the effective
energy Eeff at t is obtained by
fðtþ 4; tπ; SπÞ ·GIPWðtþ 1; t1; t2Þ − fðtþ 1; tπ; SπÞ ·GIPWðtþ 4; t1; t2Þ
fðtþ 3; tπ; SπÞ · GIPWðt; t1; t2Þ − fðt; tπ; SπÞ ·GIPWðtþ 3; t1; t2Þ
¼ fðtþ 4; tπ; SπÞ · fðtþ 1; tπ; EeffÞ − fðtþ 1; tπ; SπÞ · fðtþ 4; tπ; EeffÞ
fðtþ 3; tπ; SπÞ · fðt; tπ; EeffÞ − fðt; tπ; SπÞ · fðtþ 3; tπ; EeffÞ
; ð31Þ
with determined value of Sπ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2π þ p2
p
−mπ from the
correlation function of the pion. In the present work we set
the source operator for the two-pion at ðt1; t2Þ ¼ ð0; 4Þ as
mentioned in the previous subsection.
We find plateaus in the time region t ≥ 13 for both
I ¼ 0 and 2. The value in the noninteracting two-pion case
obtained by adding the effective energy of the pion with the
momentum p ¼ ð0; 0; 2π=LÞ and that for the zero momen-
tum, which corresponds to Efree ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2π þ p2
p
þmπ , is
plotted for comparison. We find that the two-pion energy
for I ¼ 2 is larger than Efree signifying repulsive interaction
of the two-pion system, whereas that for I ¼ 0 is smaller
showing attractive interaction.
In the extraction of the matrix elements hKjQ¯ijππ; Ii
from the time correlation function GIiðt; t1; t2Þ in (6), the
values of EIππ and AIππ are needed. Since the statistical error
of the point-wall correlation functionGIPWðt; t1; t2Þ is smaller
than that for the wall-wall function GIWWðt; t1; t2Þ, we first
extract the energy EIππ from GIPWðt; t1; t2Þ with the deter-
mined value of Sπ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2π þ p2
p
−mπ from the correlation
function of the pion. We then extract the amplitude AIππ from
GIWWðt; t1; t2Þ by fitting to (28) with the determined value of
EIππ and Sπ , and regarding AIππ and DI as unknown
parameters. The results for EIππ and AIππ are
EI¼2ππ ¼ 0.29519ð62Þ; AI¼2ππ ¼ 1.0734ð67Þ × 1021;
ð32Þ
EI¼0ππ ¼ 0.2885ð36Þ; AI¼0ππ ¼ 1.034ð39Þ × 1021; ð33Þ
in the lattice unit, where we adopt the fitting range t ¼
½14; 26 for I ¼ 2 and t ¼ ½14; 20 for I ¼ 0. The energy
difference between the initialKmeson and the final two-pion
state ΔEI ¼ EK − EIππ (EK ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mK þ p2
p
, p ¼ 2π=LÞ are
ΔEI¼2 ¼ −0.00216ð62Þ ð−4.7ð1.4Þ MeVÞ; ð34Þ
ΔEI¼0 ¼ 0.0045ð36Þ ð9.8ð7.8Þ MeVÞ: ð35Þ
In the present work, we assume that these violations of
energy conservation yield only small effects to the results for
the K → ππ decay amplitudes.
B. K → ππ matrix elements
In order to extract the K → ππ matrix element, we
consider an effective matrix elementMIiðtÞ, which behaves
as MIiðtÞ ¼ MIi ≡ hKjQ¯iðx; 0Þjππ; Ii in the time region
ðt1; t2Þ ≪ t≪ tK . It can be constructed from the time
correlation function GIiðt; t1; t2Þ in (6) by
MIiðtÞ ¼
GIiðt; t1; t2Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AKAIππ
p · FI · eEKðtK−tÞþEIππðt−tπÞ × ð−1Þ; ð36Þ
where tπ ¼ ðt1 þ t2Þ=2. Here, the energy of the K meson
EK , and the energy of the two-pion state EIππ are fixed at the
FIG. 1. Effective energy of the time correlation function
GIPWðt; t1; t2Þ for the ππ → ππ with the isospin I ¼ 0 and
I ¼ 2. The source operator for the two-pion is located at
ðt1; t2Þ ¼ ð0; 4Þ. A value in the noninteraction case given by
adding the effective energy of the pion with the momentum p ¼
ð0; 0; 2π=LÞ and that for the zero momentum, which corresponds
to Efree ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2π þ p2
p
þmπ , is plotted by blue symbol for a
comparison.
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values obtained from the time correlation function of the K
meson and the ππ → ππ. The factor ð−1Þ comes from our
convention of the K0 operator in (8). The constant AK ¼
h0jWKjKi2=hKjKi is estimated from the wall-wall propa-
gator of the K meson, with the value AK ¼ 2.3544ð48Þ ×
1010 in the lattice unit. The constant AIππ is defined by (30)
and its value is given by (32) or (33).
The constant FI in (36) is the Lellouch-Lüscher factor
[14] in the nonzero momentum frame with the momentum
jpj ¼ p given in Refs. [15,16],
ðFIÞ2 ¼ hKjKi · hππ; Ijππ; Ii=V2
¼ ð4πÞ
ðEIππÞ2mK
p3c

pc
∂δIðpcÞ
∂pc þ qc
∂ϕðqcÞ
∂qc

;
ð37Þ
where V is the lattice volume V ¼ L3, δIðpcÞ is the two-
pion scattering phase shift for the isospin I at the scattering
momentum p2c ¼ ððEIππÞ2 − p2Þ=4 −m2π , and the function
ϕðqcÞ at qc ¼ pc · L=ð2πÞ is defined in Refs. [15,16].
In the noninteracting two-pion case, the factor takes the
form ðFIÞ2 ≡ ðFjfreeÞ2 ¼ ðmπ þ EπÞ2EKV, where Eπ ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2π þ p2
p
and EK ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2K þ p2
p
(p ¼ 2π=L). For the
interacting case, we need the value of the first derivative
of the phase shift δIðpcÞ with the momentum pc to
calculate the factor. However, the phase at only one
momentum is calculated in the present work and the
derivative cannot be evaluated. In the present work, we
estimate the factor with an approximation,
δIðpcÞ ¼ pc
∂δIðpcÞ
∂pc þ Oðp
3
cÞ; ð38Þ
neglecting the cubic term, leaving a precise estimation of
the factor to study in the future. The calculated values of the
Lellouch-Lüscher factors are tabulated in Table I. We find
that the main contribution to the factor comes from the term
qc · ð∂ϕðqcÞ=∂qcÞ while the term with the derivative of the
phase shift is small (2% for the I ¼ 2 and 12% for the I ¼ 0
case). We consider from this that our approximation for the
phase shift in (38) does not make a large systematic error.
Our results for the effective matrix elements for theΔI ¼
3=2 process are plotted in Fig. 2 and Fig. 3. We do not find
plateaus. Rather they show a large and systematic time
dependence in the time region ðt1 ¼ 0; t2 ¼ 4Þ ≪ t≪
ðtK ¼ 29Þ. This time dependence can be explained by
the effect of the two pions propagating in the opposite time
directions (i.e., around-the-world effect for the two-pion
operator) as follows.
Including the process in which either of the two pions
propagates in the opposite direction to the other pion, the
time dependence of the correlation function is given by
Gðt; t1; t2Þ ¼ F1ðtÞ þ F2ðtÞ þ F3ðtÞ; ð39Þ
F1ðtÞ ¼ h0jWKðtKÞjKðpÞi · hKðpÞjQ¯ðtÞjðππÞðpÞi
× hðππÞðpÞjWππðt1; t2Þj0i
¼ A0 · e−EKðtK−tÞe−EIππðt−tπÞ; ð40Þ
F2ðtÞ ¼ hπð0ÞjWKðtKÞjKðpÞπð0Þi · hKðpÞπð0ÞjQ¯ðtÞjπðpÞi
× hπðpÞjWππðt1; t2Þjπð0Þi × e−mπT
¼ B0 · etKð−EKÞetπðEπ−mπÞetð−EπþmπþEKÞe−mπT; ð41Þ
F3ðtÞ ¼ hπð−pÞjWKðtKÞjKðpÞπð−pÞi
· hKðpÞπð−pÞjQ¯ðtÞjπð0Þi
× hπð0ÞjWππðt1; t2Þjπð−pÞi × e−EπT
¼ C0 · etKð−EKÞetπð−EπþmπÞetðEπ−mπþEKÞe−EπT; ð42Þ
with tπ ¼ ðt1 þ t2Þ=2, where the label of the isospin I and
i for the operator Qi are omitted. States KðkÞ and πðkÞ are
the K meson and the pion with the momentum k ¼
ð0; 0; kÞ (k ¼ p; 0;−p, (p ¼ 2π=L)), EK ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2K þ p2
p
,
TABLE I. Lellouch-Lüscher factor FI in (37).
For I ¼ 2 For I ¼ 0
pc 0.05993(25) 0.0512(50)
130.42(54)MeV 111(11)MeV
pc · ð∂δIðpcÞ=∂pcÞ −0.0429ð78Þ 0.24(16)
qc · ð∂ϕðqcÞ=∂qcÞ 2.0206(82) 1.75(15)
FI 51.41(27) 63.9(8.6)
FI=Fjfree 0.9701(53) 1.21(16)
FIG. 2. Effective matrix element of MI¼2i ðtÞ in (36) for the
operator Q1 in the lattice unit. The operator for the two-pion is
located at ðt1; t2Þ ¼ ð0; 4Þ and the K meson at tK ¼ 29. The
operator QiðtÞ runs over the whole time extent. The result of the
fitting to (43) in the time range t ¼ ½13; 18 is plotted by a curved
line and the result of the K → ππ matrix element is shown by a
straight line with one sigma band.
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and Eπ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2π þ p2
p
. The second and third terms in (39),
F2ðtÞ and F3ðtÞ, are the contributions from the around-
the-world effect for the two-pion operator. The constant A0
corresponds to the K → ππ matrix element, and B0 and C0
to the Kπ → π. The around-the-world effects for the K
meson, which are suppressed by expð−EKTÞ, are
neglected in these equations. From (40), (41), and (42),
the time dependence of the effective matrix element MðtÞ
in (36) can be written as
MðtÞ ¼ Aþ B · etSπ þ C · e−tSπ ; ð43Þ
with Sπ ¼ Eππ − Eπ þmπ , where the constant A is the
K → ππ matrix element, MIi ¼ hKjQ¯iðx; 0Þjππ; Ii. The
other constants B and C correspond to unphysical matrix
elements for the Kπ → π process, including exponential
factors for tπ and T.
We try to extract the K → ππ matrix elements by fitting
the effective matrix elements MIiðtÞ to the fitting function
(43) with the determined value of Sπ from the correlation
function of the pion, regarding A, B, and C as unknown
parameters. Results of the fitting are plotted in Fig. 2 and
Fig. 3 by curved lines, and the extracted values of the
matrix elements A ¼ MIi are shown by straight lines with
one sigma band. We adopt the fitting range t ¼ ½13; 18.
The chi-squares of the fitting take very small values,
χ2=n:o:d ¼ 9.6 × 10−2, 3.0 × 10−4, 4.6 × 10−4 for the
MI¼21;7;8. Therefore the time dependence of the effective
matrix element is explained well by the around-the-world
effect for the two-pion operator and a value mπT ¼ 7.55 in
the present work is not large enough to neglect this effect.
We also find that the K → ππ matrix element can be safely
extracted by the fitting with (43). The results of the MIi
are also tabulated in Table II, where the relations among
the matrix elements,MI¼21 ¼MI¼22 ¼2=3·MI¼29 ¼2=3·MI¼210
due to the Fierz identity, are used.
We should consider this effect also for the ΔI ¼ 1=2
process as for the ΔI ¼ 3=2 process. In Fig. 4 the effective
matrix elements MI¼0i ðtÞ for the LL-type four-fermion
operators Q1;2;3;4;9;10 which have the spin structure
q¯1γμð1 − γ5Þq2q¯3γμð1 − γ5Þq4, are plotted. We do not
observe clear time dependence within the statistical error.
In Fig. 5 the matrix elementsMI¼0i ðtÞ for the LR-type four-
fermion operators Q5;6;7;8 which have the spin structure
FIG. 3. Effective matrix elements of MI¼2i ðtÞ in (36) for the operators Q7;8, following the same convention as in Fig. 2.
TABLE II. Decay amplitude for the ΔI ¼ 3=2 process at mπ ¼ 260 MeV, mK ¼ 570 MeV, La ¼ 4.4 fm, and a ¼ 0.091 fm.
The second column gives the bare matrix elementsMI¼2i for Qi in the lattice unit. The other columns are their contribution to A2 (A2ðiÞ
in (44)) for q ¼ 1=a and π=a.
q ¼ 1=a q ¼ π=a
i MIi ReA2ðGeVÞ ImA2ðGeVÞ ReA2ðGeVÞ ImA2ðGeVÞ
1 2.266ð18Þ × 10−3 −1.890ð15Þ × 10−08 0 −1.455ð11Þ × 10−08 0
2 ¼ MI¼21 4.335ð34Þ × 10−08 0 3.926ð31Þ × 10−08 0
7 8.454ð48Þ × 10−2 9.182ð52Þ × 10−11 2.602ð15Þ × 10−13 2.708ð15Þ × 10−10 1.970ð11Þ × 10−13
8 2.805ð16Þ × 10−1 −2.444ð14Þ × 10−10 −1.5518ð87Þ × 10−12 −3.614ð20Þ × 10−10 −1.0736ð60Þ × 10−12
9 ¼ 3=2 ·MI¼21 −1.281ð10Þ × 10−12 4.058ð32Þ × 10−13 3.593ð28Þ × 10−12 3.678ð29Þ × 10−13
10 ¼ 3=2 ·MI¼21 3.940ð31Þ × 10−12 −1.896ð15Þ × 10−13 4.432ð35Þ × 10−12 −1.522ð12Þ × 10−13
Total    2.431ð19Þ × 10−08 −1.0754ð64Þ × 10−12 2.463ð19Þ × 10−08 −6.611ð42Þ × 10−13
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q¯1γμð1 − γ5Þq2q¯3γμð1þ γ5Þq4, are plotted. We see large
time dependence for these cases.
Ideally one should extract the matrix elements by the
three parameter fit with (43) regarding A, B, and C as
unknown constants as was done for the ΔI ¼ 3=2 process,
to control the around-the-world effect for the two-pion
operator. But the statistics in the present work is not
sufficient and the time range for the fitting cannot be taken
large to obtain reliable results of the matrix elements. In the
present work, we therefore extract the matrix elements by a
constant fit for the LL-type four-fermion operators
Q1;2;3;4;9;10 assuming that the around-the-world effects
for these operators are small, given that the results in
Fig. 4 do not show clear time dependence. For the LR-type
four-fermion operators Q5;6;7;8, for which we find a large
time dependence, we use a three parameter fit with (43). We
adopt the fitting range t ¼ ½13; 18. The fits are carried out
well and the chi-squares of the fitting are small for all cases.
FIG. 4. Effective matrix element ofMI¼0i ðtÞ in (36) for the LL-type four-fermion operators Q1;2;3;4;9;10, following the same convention
as in Fig. 2.
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Results of the fitting are shown in Fig. 4 and Fig. 5, and
tabulated in Table III.
C. K → ππ decay amplitudes
The decay amplitudes can be written in terms of the bare
matrix element MIi obtained on the lattice by
AI ¼ hKjHjππ; Ii ¼
X10
i¼1
MIi C¯i ¼
X10
i¼1
AIðiÞ;
ðAIðiÞ ¼ MIi C¯iÞ; ð44Þ
with the effective Hamiltonian H in (1), where
C¯i ¼
X10
j;k¼1
ZijðqaÞUjkðq; μÞCkðμÞ; ð45Þ
CiðμÞ ¼
GFﬃﬃﬃ
2
p ðVusVudÞðziðμÞ þ τyiðμÞÞ; ð46Þ
with τ ¼ −ðVtsVtdÞ=ðVusVudÞ. The functions CiðμÞ are the
coefficient functions at the renormalization scale μ and the
functions Uijðq; μÞ are the running factor of the operators
Qi from the scale q to μ, which have been given in
Ref. [9]. In the present work we set μ ¼ mc ¼ 1.275 GeV
and adopt the standard model parameters tabulated in
Table IV in estimations of these functions. The factors
ZijðqaÞ in (45) are renormalization factors which have
been calculated by perturbation theory in one-loop order in
Ref. [17]. A nonperturbative determination is not yet
available. For the renormalization in the continuum theory,
we adopt the modified minimal subtraction scheme (MS)
with naive dimensional regularization scheme (NDR). We
choose two values q ¼ 1=a and π=a as the matching scale
from the lattice to the continuum theory in order to estimate
the systematic error coming from higher orders of perturba-
tion theory.
Our final results of the decay amplitudes at mπ ¼
260 MeV, mK ¼ 570 MeV, La ¼ 4.4 fm, and a ¼
0.091 fm are tabulated with the experimental values in
Table V. Here, the direct CP violation parameter ϵ0=ϵ is
obtained by
Reðϵ0=ϵÞ ¼ ωﬃﬃﬃ
2
p jϵj

ImA2
ReA2
−
ImA0
ReA0

; ð47Þ
FIG. 5. Effective matrix element ofMI¼0i ðtÞ in (36) for the LR-type four-fermion operators Q5;6;7;8, following the same convention as
in Fig. 2.
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with ω ¼ ReA2=ReA0, where the experimental value of the
indirect CP violation parameter jϵj ¼ 2.228 × 10−3 [18] is
used in the estimation. In the table the experimental value
of Reðϵ0=ϵÞ is the average value of KTeV, NA48, and
E731 measurements [18]. From Table V we learn that
the dependence on q is negligible for most of the decay
amplitudes, but it is very large for ImA2. A nonpertur-
bative determination of the renormalization factor is
necessary to obtain a reliable result for this value. We
find a large enhancement of the ΔI ¼ 1=2 process over
that for the ΔI ¼ 3=2 at our quark mass mπ ¼ 260 MeV.
The RBC-UKQCD Collaboration found a numerical
mechanism for the enhancement in Ref. [19]. We
confirm this numerical mechanism also in our case.
Our result for A0, particularly for the imaginary part, still
has a large statistical error so that we do not obtain a
nonzero result for Reðϵ0=ϵÞ over the error. Improving
statistics by devising a more efficient operator for the
two-pion state is an important work reserved for the
future.
The contributions of the bare matrix element MIi to the
decay amplitude AI (AIðiÞ in (44)) are tabulated in Table II
for theΔI ¼ 3=2 and in Table III for the ΔI ¼ 1=2 process.
We find that the main contribution to ReA2 comes from the
operator Q1 and Q2, and that to ImA2 from Q8. The main
contribution to ReA0 comes from the operator Q2 and that
to ImA0 from Q6.
TABLE III. Decay amplitude for the ΔI ¼ 1=2 process at mπ ¼ 260 MeV, mK ¼ 570 MeV, La ¼ 4.4 fm, and
a ¼ 0.091 fm, following the same convention as in Table II.
q ¼ 1=a q ¼ π=a
i MIi ReA0ðGeVÞ ImA0ðGeVÞ ReA0ðGeVÞ ImA0ðGeVÞ
1 −2.2ð1.1Þ × 10−02 1.85ð89Þ × 10−07 0 1.42ð68Þ × 10−07 0
2 2.06ð88Þ × 10−02 3.9ð1.7Þ × 10−07 0 3.6ð1.5Þ × 10−07 0
3 −3.0ð2.7Þ × 10−02 5.3ð4.8Þ × 10−09 1.1ð1.0Þ × 10−11 7.0ð6.4Þ × 10−09 9.5ð8.6Þ × 10−12
4 1.2ð2.4Þ × 10−02 0.6ð1.2Þ × 10−08 0.8ð1.6Þ × 10−11 0.7ð1.4Þ × 10−08 0.7ð1.5Þ × 10−11
5 −3.2ð1.9Þ × 10−01 4.5ð2.6Þ × 10−08 5.5ð3.2Þ × 10−11 5.6ð3.3Þ × 10−08 5.7ð3.4Þ × 10−11
6 −2.8ð2.7Þ × 10−01 −1.2ð1.2Þ × 10−07 −1.6ð1.6Þ × 10−10 −1.1ð1.1Þ × 10−07 −1.3ð1.3Þ × 10−10
7 1.95ð45Þ × 10−01 2.12ð49Þ × 10−10 6.0ð1.4Þ × 10−13 6.3ð1.5Þ × 10−10 4.6ð1.1Þ × 10−13
8 5.8ð1.2Þ × 10−01 −5.0ð1.0Þ × 10−10 −3.20ð64Þ × 10−12 −7.4ð1.5Þ × 10−10 −2.21ð45Þ × 10−12
9 −2.01ð86Þ × 10−02 7.6ð3.2Þ × 10−12 −2.4ð1.0Þ × 10−12 −2.13ð91Þ × 10−11 −2.18ð93Þ × 10−12
10 2.3ð1.0Þ × 10−02 2.6ð1.2Þ × 10−11 −1.27ð56Þ × 10−12 3.0ð1.3Þ × 10−11 −1.02ð45Þ × 10−12
Total    5.1ð2.8Þ × 10−07 −0.9ð1.4Þ × 10−10 4.6ð2.4Þ × 10−07 −0.6ð1.1Þ × 10−10
TABLE IV. Standard model parameters used to evaluate the
decay amplitudes in the present work (from Ref. [18]). τ ¼
−ðVtsVtdÞ=ðVusVudÞ and Λð5ÞMS is the lambda QCD for Nf ¼ 5
theory. The standard representation of the CKM matrix of
Ref. [18] is adopted, where the CP violation enters entirely
through a complex phase of Vtd, thus τ.
mZ 91.1876 GeV
mW 80.379 GeV
mt 173.0 GeV
mb 4.18 GeV
mc 1.275 GeV
Λð5Þ
MS
231.4 MeV
α (at μ ¼ mW) 1=129
sin2 θW 0.230
GF 1.166 × 10−5 GeV−2
Vud 0.97446
Vus 0.22452
ReðτÞ 0.0015999
ImðτÞ −0.0006469
TABLE V. Results of the K → ππ decay amplitudes at mπ ¼ 260 MeV, mK ¼ 570 MeV, La ¼ 4.4 fm,
and a ¼ 0.091 fm, and the experimental values [18].
q ¼ 1=a q ¼ π=a Experiment
ReA2ð×10−8 GeVÞ 2.431 0.019 2.463 0.019 1.479 0.004
ReA0ð×10−8 GeVÞ 51.3 27.5 45.9 24.1 33.2 0.2
ReA0=ReA2 21.1 11.3 18.6 9.8 22.45 0.06
ImA2ð×10−12 GeVÞ −1.0754 0.0064 −0.6611 0.0042
ImA0ð×10−12 GeVÞ −89.1 135.5 −64.9 112.4
Reðϵ0=ϵÞð×10−3Þ 1.94 5.72 1.95 5.77 1.66 0.23
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IV. CONCLUSIONS AND PROSPECTS
We have reported on a calculation of the K → ππ decay
amplitudes with Wilson fermion action. In order to realize
the physical kinematics, where the pions in the final state
have finite momenta, we consider the decay process
KðpÞ → πðpÞ þ πð0Þ in the nonzero momentum frame
with momentum p ¼ ð0; 0; 2π=LÞ on the lattice.
We have been able to show a large enhancement of the
ΔI ¼ 1=2 process over that for the ΔI ¼ 3=2 at our quark
mass (mπ ¼ 260 Mev). However, our result for A0, par-
ticularly for the imaginary part, still has a large statistical
error so that we have not obtained a nonzero result for
Reðϵ0=ϵÞ over the error. Improving statistics by devising
a more efficient operator for the I ¼ 0 two-pion state
is necessary for a precise determination of the decay
amplitudes.
Our calculation is carried out away from the physical
quark mass. For calculations near or on the physical quark
mass, the following extension of the present work is
necessary. The scattering momentum of the two-pion state
p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2K=4 −m2π
p
at the physical quark mass takes a
larger value than that in our heavier quark mass case. Thus,
excited states of the two-pion system should be considered
to match the energy with mK . On our lattice (a ¼ 0.091 fm
and La ¼ 4.4 fm) at the physical quark mass, the invariant
mass of the two-pion state in the moving frame with the
total momentum P ¼ ð1; 1; 0Þ in units of lattice momentum
is 400 MeV for the ground state (corresponding to the
two-pion state jπð1; 1; 0Þ; πð0; 0; 0Þi in the noninteracting
two-pion case), and 490 MeV for the first excited state
(jπð1; 0; 0Þ; πð0; 1; 0Þi). Therefore we have to calculate the
decay amplitude for the first excited state. Calculation of
such amplitudes is not trivial, because the ground and
excited state are mixed by the two-pion interaction. The
decay amplitude for the excited state can be calculated
by the diagonalization method proposed in Ref. [20], but it
has not been applied to the K meson decay. Therefore, an
exploratory study of the method for the K meson decay is
the next step in the direction of determining the decay
amplitude at physical quark mass.
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